Weibull distribution has received a wide range of applications in engineering and science. The utility and usefulness of an estimator is highly subject to the field of practitioner's study. In practice users looking for their desired estimator under different setting of parameters and sample sizes. In this paper we focus on two topics. Firstly, we propose U -statistics for the Weibull distribution parameters. The consistency and asymptotically normality of the introduced U -statistics are proved theoretically and by simulations. Several of methods have been proposed for estimating the parameters of Weibull distribution in the literature. These methods include: the generalized least square type 1, the generalized least square type 2, the L-moments, the Logarithmic moments, the maximum likelihood estimation, the method of moments, the percentile method, the weighted least square, and weighted maximum likelihood estimation. Secondary, due to lack of a comprehensive comparison between the Weibull distribution parameters estimators, a comprehensive comparison study is made between our proposed U -statistics and above nine estimators. Based on simulations, it turns out that the our proposed U -statistics show the best performance in terms of bias for estimating the shape and scale parameters when the sample size is large.
Introduction
The Weibull distribution is one of the most commonly used distributions with a wide range of applications in some study fields such as: chemical engineering ( [3] , [22] , and [41] ), ecology [33] , electrical engineering ( [11] and [30] ), food industry [4] , mechanical engineering ( [31] and [23] ), telecommunications ([34] and [2] ), wireless communications [28] , economic ( [27] and [7] ), civil engineering ( [26] and [1] ), and seismology [15] . For further details on applications of the Weibull distribution, we refer the readers to Meeker and Escobar (1998), Murthy et al. (2004) , and Dodson (2006) . However, a comprehensive study has not been performed to compare the estimators. All comparative studies, to the best of our knowledge, have been devoted to compare the performance of the MLE with the estimators of another class. For example, Kanter (2015) made a comparison between least square estimators and the MLEs. The bias of the MLE for the Weibull distribution has been studied by Ross (1996) , Watkins (1996) and Montanari et al. (1997) . Seki and Yokoyama (1996) made a comparison between the MLE and a bootstrap estimator. Zhang et al. (2007) compared the estimation methods based on the Weibull probability plot. We also refer the readers to [10] , [12] , [17] , [25] , [36] , and references therein. This is while estimators may have different appeals to different users. For example, the maximum likelihood estimator (MLE) that has attractive properties is biased and has not closed-form expression. This is while the practitioners from some fields may looking for an estimator that is unbiased or has closedform expression. Also, user may prefer to use an estimator which works satisfactorily with sample of small size. Hence, a comparative study is needed to compare the performance of the known estimators under different situations. In this paper, we perform a comprehensive comparison study between ten class of estimators including: the generalized least square type 1 (GLS1), the generalized least square type 2 (GLS2), the L-moments (LM), the Logarithmic moments (MLM), the maximum likelihood estimation (MLE), the method of moments (MM), the percentile method (PM), the U -statistic, the weighted least square (WLS), and weighted maximum likelihood estimation (WMLE).
The structure of the paper is as follows. In Section 2, we derive U -statistic for the shape and scale parameters of the Weibull distribution. The known estimation methods are reviewed briefly in Section 3. A comparison between proposed estimator and the known ones as well as a real data illustration are given in Section 4.
U -statistics for the Weibull distribution parameters
The probability density function (pdf) and cumulative distribution function (cdf) of twoparameter Weibull distribution are, respectively, given by (Nelson, 1982; Johnson et al., 1994; Dodson, 2006) :
for x > 0, α > 0 and β > 0. Here, α and β are known as the shape and scale parameters. In the following we give U -statistics for the shape and scale parameters of the Weibull distribution. For this, a lemma given by the following is necessary. Hereafter, we write W(α, β) to denote a Weibull distribution with pdf given in (2.1).
Proof: Define Y = min{X 1 , X 2 }. It follows that
On the other hand, define Z = 2 1 α X 1 . We have,
Comparing the right-hand sides of (2.4) and (2.5), it turns out that F Y (y) = F Z (y); for y > 0, and so the result follows.
Theorem 2.1 Suppose x 1 , x 2 , . . . , x n are n independent realizations from Weibull distribution with pdf given in (2.1). Then, 1.
in which
is U -statistic for 1/α.
2.
where ψ(1) = −0.57721566 is U -statistic for log σ.
Proof:
1. By applying log-transformation to the both sides of (2.3), we have
The right-hand side of (2.6) can be used to construct a symmetric kernel as
It is easy to see that E H 1 (X 1 , X 2 ) = 1/α. To guarantee the asymptotic normality of the introduced U -statistics for 1/α with kernel (2.7), it is necessary to show that Var E H 1 (X 1 , X 2 ) X 1 is finite. For this, it suffices to show that Var
is finite. To begin, we note that X,
Var(log X) = Var (log min{X 1 , X 2 }) .
(2.8)
Also, suppose X, Y , and Z are given arbitrary random variables. Generally, we
But, here, elementary statistical manipulations reveal that if we define X = log min{X 1 , X 2 }, Y = log X 1 , and Z = log X 1 + log X 2 , then Cov (log min{X 1 , X 2 }, log X 1 + log X 2 ) = Cov (log X 1 , log X 1 + log X 2 ) .
(2.9)
Now, using (2.8), we can write
(2.10)
Applying property (2.9) to the right-hand side of (2.10), we obtain
It is easy to check that Var(log X) = ψ(1, 1)/α 2 where ψ(n, x) = ∂ n ψ(x)/∂x n and ψ(x) = ∂ log Γ(x)/∂x. The asymptotic normality of U α follows since
2. It is not hard to check that E(log X) = log β +
It is easy to see that E H 1 (X 1 , X 2 ) = log β. Asymptotic normality of the introduced U -statistics for log β with kernel (2.11) holds if we prove Var E H 2 (X 1 , X 2 ) X 1 < ∞ or equivalently Var H 1 (X 1 , X 2 ) < ∞. We eliminate the proof since kernels H 1 (x 1 , x 2 ) and H 2 (x 1 , x 2 ) have similar structure.
Known estimators for the Weibull distribution
Here, we review briefly almost all of known estimation methods for the Weibull distribution. 
Maximum likelihood estimation (MLE)
and the MLE of the scale parameter is given by
It can be seen that β M LE depends on α and also that α M LE must be computed numerically.
Weighted Maximum likelihood (WMLE)
It is known that MLEs are generally biased. To reduce the bias rate in the case of the Weibull distribution, the weighted maximum likelihood estimators (WMLE) have been proposed in [19] . Suppose x 1 , x 2 , . . . , x n is a random sample from cdf given in (2.2), then the WMLEs of the shape and scale parameters are given bŷ
where the weights W 1 and W 2 are given by
Although the sampling distribution of the W 1 is gamma with shape parameter n and scale parameter 1/n, but the sampling distribution of the W 2 is not known. In practice, both of random variables W 1 and W 2 are replaced by their central quantities such as mean, median, or geometric mean. Here, we use the median of W 1 and W 2 since they yield the best performance, see [5] . For this, in a comprehensive Monte Carlo simulation, we derive the median of W 1 and W 2 for different levels of α (from 0.5 to 5 by 0.2) and small sample size n (including 5, 10, 15, 30, 50, 100, . . . , 200). We note that as n tends to ∞, both WMLE and MLE approaches give the same results.
Generalized and weighted least square (GLS and WLS)
The parameter estimation using least square approach is common in the statistical literature. For Pareto, log-logistic and Weibull distributions we refer the readers to [20] , [18] , [24] , [42] , [38] , and [43] . Suppose
are the ordered realizations from Weibull distribution with pdf given in (2.2). We can see that the following regression model holds.
for i = 1, . . . , n where y (i) = log x (i) . The quantity F (x (i) ), in the right-hand side of regression model (3.1), is replaced by
n+0.4 , see [37] , [38] , and [21] . Since the sample x (i) is ordered, the dependent variable y (i) is also ordered. Therefore the variance of dependent variable is not of the form σ 2 I, see [20] . To tackle this issue the generalized least square (GLS) technique is proposed, see [9] . The GLS estimate, i.e.,β GLS1 = (logβ, 1/α) T is given byβ
where
The second type of GLS estimate, i.e.,
can be constructed if we replace X with Z as
. The weighted least square (WLS) estimate are also given byβ
whereβ W LS = (logβ, 1/α) T and W is a diagonal matrix whose entries are v 11 , . . . , v nn , see [20] .
L-moment (LM)
The L-moments have their origin in works by Hosking (1990) and Elamir and Seheult (2003) . By equating the sample L-moment to the population counterpart gives the Lmoment estimate. The r-th L-moment of Weibull distribution with pdf (2.1) is given by:
, where α > 0, β > 0, r = 1, 2, . . ., and C n i denotes the binomial coefficient n!/(i!(n − i)!), see [16] . So the first and the second L-moments are given by µ L 1 = βΓ (1/α + 1) and
The first two sample L-moments are:
, respectively, the L-moments of α and β are obtained as:
Method of logarithmic moment (MLM)
The log-moment estimates of the shape and scale parameters of Weibull distribution with cdf (2.2) are given by (see [40] , [29] , and [8] )
and
where S 2 and M 1 are the sample variance and the mean of log-transformed data, respectively. Also ψ(1) = −0.5772156. It can be shown that (3.5) and (3.6) are both asymptotically unbiased and consistent, see [29] .
Percentile method (PM)
The quantile of a Weibull distribution with cdf (2.2) is
where 0 < p < 1, see [29] and [8] . Using p = 1 − exp(−1) ∼ = 0.632, one can construct percentile-based estimators for α and β aŝ
andβ
respectively, where 0 < x p < x 0.632 . The suggested values for p are 0.15 (see [39] ) and 0.31, see ([32] and [14] ). Statistical tools show that percentile-based estimators are, in general, asymptotically normal and unbiased, see [40] .
Method of moments (MM)
Moment-based estimators of a given population are obtained by equating the population moments to their sample counterparts and solving the resulting equations. The momentbased estimators for the Weibull distribution suffers from numerical computations, see [6] . Also, these estimators are not efficient. The r-th non-central moment for the Weibull distribution is ( [40] ; [29] ; [8] ):
Equating the mean and variance (µ 1 and µ 2 − µ 2 1 ) with the sample counterparts (X and S 2 ), the moment-based estimator of the shape parameter α M M , is root of the equation
and the moment-based estimator of the scale parameter is
.
Performance comparisons
This section has two parts. In the first part, we compare the performances of estimators introduced in Section 2 and 3 through simulation. Second part devoted to an illustration in which all estimators are applied to a set of real data.
Simulation study
Here, we perform a Monte Carlo simulation to compare the performance of the U -statistic, MLE, WMLE, GLS1, GLS2, WLS, LM, MLM, PM, and MM. For this aim, we compare the bias and root of mean squared error (RMSE).
For computing the bias we adopt small sizes of sample including 5, 10, 30, and two levels for shape and scale parameters as: (0.5, 0.5), (2.5, 0.5), (0.5, 2.5), and (2.5, 2.5). The results after computing the bias are given in Tables 1-2 . Also the bias of U -statistic, MLE, GLS1, GLS2, WLS, and LM are given for large sizes of sample including 1000 and 4000. The corresponding results are given in Tables 3-4 for shape and scale parameters, respectively.
For computing the RMSE, we choose the sample sizes as: 5, 10, 15, 30, 50, 100, and 200. Comparisons are performed for different levels of the shape (α=0.5, 1, and 2.5) and the scale (β=0.5, 2, and 5) parameters. We used a 7-color scheme to distinguish between competitors through Figures 1-2 as follows. The brown for the U -statistic, green for the MLE, purple for the WMLE, dashed red for the GLS1, black for the GLS2, blue for the WLS, dashed purple for the MLM, dotted purple for the PM, solid red for the MM, and yellow solid curve for LM. The results for computing the RMSE are given in Figures 1-2. 
Comparison results for the bias
According to the bias of the shape parameter estimatorα for small sizes 5, 10, and 30, the following conclusions can be made from Table 1. 1. GLS2 , WLS, and WMLE give the best performances for n = 5, n = 10, and n = 30, respectively.
2. WMLE shows the best performance next to the WLS and GLS1.
3. PM gives the worst performance.
4. When α is small (say α = 0.5), the MM gives the worst performance next to the GLS2.
5. When α is large (say α = 2.5) and n ≥ 15, the GLS2 gives the worst performance.
6. WMLE outperforms the LM.
7. WMLE and U -statistic outperform the MLE.
8. U -statistic shows better performance than the MLE, MLM, MM, and PM.
The following observations can be made from Table 2 for bias of the scale parameter estimatorβ for small sizes 5, 10, and 30.
1. WMLE and MLE give almost the same performances.
2. When α is small (say α = 0.5), the MM gives the worst performance.
3. When α is small, the LM gives the best performance.
4. The GLS2, GLS1, and WLS show the same performances.
5. MLM outperforms GLS2, GLS1, and WLS.
6. When α is large (say α = 2.5), the PM shows the worst performance.
7. The GLS2, GLS1, and WLS outperforms the U -statistic for n = 5, 10.
The following observations can be made from Tables 3-4 for bias of the shape parameter estimatorβ for large sizes 1000 and 4000.
1. U -statistic gives the best performance for estimating the shape and scale parameters.
2. GLS1 shows the worst performance for estimating the shape and scale parameters.
We note that for bias analysis when sample sizes are large, the MLM, PM, and MM have been eliminated by competitions since the show weak performances. Also, since MLE and WMLE show the same performances, the WMLE has been removed by competitions.
Comparison results for RMSE
The following observations can be made from Figure 1 for RMSE of the shape parameter estimatorα.
1. The PM gives the worst performance.
2. When n = 5 the GLS2 gives the best performance.
3. When n = 5 the GLS2 gives the best performance.
4. The WGLS gives the best performance next to the GLS1.
5. The WMLE outperforms the LM and U -statistic.
6. The MLM shows better performance than the MLE for sample size (say n ≤ 10).
The following observations can be made from Figure 2 for RMSE of the scale parameter estimatorβ.
2. When α is small (say α ≤ 0.5), the MM gives the worst performance.
3. When α is not small (say α ≥ 1), the PM gives the worst performance.
4. When α is small (say α ≤ 0.5) and n ≤ 15, the LM gives the best performance.
Real data illustration
Here, we apply all reviewed methods introduced in Sections 2 and 3 to a set of real data involving by lifetimes in years reported by [13, p. 17] . Data are shown in Table 5 . To implement these techniques, programs have been written in R environment, see [35] . In order to compare the performance of estimators presented in the Section 2 and 3, we employed the Kolmogorov-Smirnov (KS) and Cramer-Von Mises (CVM) distances which are given by KS = max
where n is the sample size, x (i) ; for i = 1 . . . , n, is the i-th ordered observed value and F X (.) is the distribution function of two-parameter Weibull distribution defined in (2.2). The following observations can be made from Table 6 .
1. The WLS shows the best performance in the sense of both criteria KS and CVM.
2. The MLM shows the best performance in the sense of CVM criterion next to the WLS.
3. The PM shows the best performance in the sense of KS criterion next to the WLS.
Conclusion
We have introduced U -statistics for shape and scale parameters of two-parameter Weibull distribution. Asymptotic normality and consistency of the new estimators have been proved. Furthermore, a comprehensive Monte Carlo study have been carried out to compare the performance of the known estimators of the two-parameter Weibull distribution parameters. Since different estimators may appeal different users for different levels of sample size and parameters levels, a list of comparisons have been made in the paper for choosing desired estimator. Many facts can be concluded from this study, among them our results are the followings.
• for small sizes of samples the weighted least square (WLS) approach gives the best performance in the sense of bias.
• shape estimator based on method of weighted least square (WLS) gives the best performance root of mean squared error (RMSE).
• shape estimator based on method of percentile gives the worst performance in terms of RMSE.
• shape and scale estimators based on U -statistic show the best performances in the sense of bias for large sample sizes.
• shape and scale estimators based on generalized least square type-I (GLS1) approach show the worst performances in the sense of bias for large sample sizes. (α = 0.5, β = 0.5) (α = 0.5, β = 2.5) (α = 2.5, β = 0.5) (α = 2.5, β = 2. (α = 0.5, β = 0.5) (α = 0.5, β = 2.5) (α = 2.5, β = 0.5) (α = 2.5, β = 2. Figure 2: RMSE of the scale parameter estimator,β for different levels of α and β under small sample size scenario, i.e., n =5, 10, 15, 30, 50, 100, and 200. The used color scheme are: the black solid curve for the GLS2, blue solid curve for the WLS, brown solid curve for the U -statistic, green solid curve for the MLE, solid red curve for the MM, dashed red curve for the GLS1, purple solid curve for the WMLE, dotted purple curve for the PM, dashed purple curve for the MLM, and yellow solid curve for LM.
